Abstract. -Small world networks interpolate between fully regular and fully random topologies and simultaneously exhibit large local clustering as well as short average path length. Small world topology has therefore been suggested to support network synchronization. Here we study the asymptotic speed of synchronization of coupled oscillators in dependence on the degree of randomness of their interaction topology in generalized Watts-Strogatz ensembles. We find that networks with fixed in-degree synchronize faster the more random they are, with small worlds These results suggest some key properties about the topological influence on the network synchronizability, i.e. the capability of a network to synchronize at all, but do not tell much about the speed of synchronization given that a network synchronizes in principle.
To systematically investigate the sychronization process in dependence of the topological randomness we first performed extensive numerical simulations of the collective dynamics. We start with regular ring networks where each unit receives directed links from its k/2 nearest neighbors on both sides. Adapting the standard small world model of Watts and Strogatz [9] to directed networks [23] we randomly cut the tail of each edge with probability q and p-2 Do Small Worlds Synchronize Fastest? rewire it to a randomly selected node (avoiding double edges and self-loops). The small world regime is characterized by a large clustering coefficient 1 C(q, k) and a small average path length 2 . L(q, k) Here . denotes averaging over network realizations at given q and k. To quantitatively fix the small world regime we take
throughout this study. The results below are not sensitive to a change of these values. Starting each simulation from a random initial phase vector drawn from the uniform distribution on [0, π) N shows that synchronization becomes an exponential process after some short transients ( Fig. 1,   inset ), for all fractions q ∈ (0, 1] of randomness. Thus the
from the synchronous state decays as
in the long time limit, where dist(θ, θ ′ ) is the circular distance between the two phases θ and θ ′ on S 1 .
The asymptotic synchronization time τ systematically depends on the network topology ( increase of synchronization speed, but are not at all topologically optimal regarding their synchronization time.
This might be expected intuitively, also from studies about synchronizability [9, 10] , and one is tempted to ascribe faster synchronization to a shorter average path length that results from increasing randomness.
We therefore first systematically studied the synchronization time for generalized Watts-Strogatz ensembles of networks, specified by a function k(q), where the average path length L is fixed while the degree of randomness q varies. We were surprised to find a non-monotonic behavior of synchronization time with randomness ( 
Here the stability matrix coincides with the graph Lapla- 3 We choose an appropriate in-degree k(q) for each given randomness q from numerically determined calibration curves such that
p-3 C. Grabow, S. Hill, S. Grosskinsky and M.Timme cian defined as
and δ ij is the Kronecker-delta. Close to every invariant trajectory the eigenvalue λ 2 of the stability matrix Λ that is second largest in real part dominates the asymptotic decay; therefore, λ 2 here determines the asymptotic syn-
Re λ2 . This feature was recently shown to hold more generally for network systems where the stability matrix is not necessarily proportional to the graph Laplacian [2, 17, 24] .
Determining the eigenvalues of the stability matrices of networks with fixed average path lengths yields synchronization time estimates that well agree with those found from direct numerical simulations, cf. (Fig.   4) .
For instance, we tested networks of diffusively coupled three-dimensional Rössler oscillators [1] satisfyinġ
for i ∈ {1, . . . , N } where J ij = J/k define the diffusive coupling and the parameters a, b and c determine whether the oscillators are intrinsically periodic or intrinsically chaotic. The above phenomenon persists for both periodic and chaotic oscillators (Fig. 4, triangles) .
p-4 Do Small Worlds Synchronize Fastest?
Moreover, we investigated the collective dynamics of pulse-coupled neural oscillators [14, 25] with membrane po-
Here, each potential V j relaxes towards I > 1 and is reset to zero whenever it reaches a threshold at unity, At these times t j,m the neuron sends a pulse that after a delay ∆ > 0 changes the potential of post-synaptic neurons i in an inhibitory (negative) manner. This neural system allows analytic computation [18] of an iterative
for the perturbations δ i (nT ) of spike times close to the synchronous orbit of period T = (1/γ) ln(1/(1 − γ/I)). cates that also the entire nonlinear dependence (Fig. 3) of the synchronization time on k and q stays qualitatively the same for all these different systems.
Hence, in general small worlds do not synchronize fastest. This holds for various oscillator types, intrinsic 
